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1 INTRODUCTION 



Equivariant cohomology [|T|^ is at the core of the geometrical interpretation of the 
topological -more precisely, cohomological- field theories proposed by E. Witten in 1988 
1^. The corresponding mathematical equipment also sheds some light on the gauge fixing 
procedure p| familiar in the Lagrangian formulation of gauge theories. 

The purpose of these notes is to update and, at times, provide alternatives to the second 
part of the 1994 Les Houches lectures by S. Cordes, G. Moore, S. Rangoolam 

The first part is devoted to definitions and basic facts related to equivariant cohomology. 
It relies on a systematic use of the Weil algebra, which not only streamlines many of the basic 
calculations, but is also of prime relevance in the geometrical framework for cohomological 
field theories. This is the subject of section 2. 

Section 3 gathers three exercises. 

The first one consists of a quick derivation of the Mathai' Quillen formulae [Q] which give 
special integral representations of the Thom class of a vector bundle . It is accompanied by 
another similar formula which implements "Cartan's theorem 3" described in section 2 |l|. 

The second one describes a general procedure to construct universal observables pertaining 
to cohomological field theories. 

The third one completes the construction of actions for cohomological models as occuring in 
integral representations of integrals over orbit spaces of cohomology classes of top dimension. 
These actions involve, among others, gauge fixing terms whose cohomological interpretaion is 
displayed as well. For the sake of definiteness the Yang Mills case is thoroughly discussed. 



2 EQUIVARIANT COHOMOLOGY. 

DEFINITIONS AND ELEMENTARY PROPERTIES 
[l]-[4] 

Example 1 

Let M be a smooth manifold, Q* (M) the differential forms on M, (Im the exterior differ- 
ential. 

Let ^ be a connected Lie group. Lie Q its Lie algebra, acting smoothly on M. A G Lie Q 
is represented by a vector field on M, A. For each lu E i7*(M), define 

ZAf(A)to' = i{X)uj 

£m(A)u; = i{X)u (2.1) 

where i{X) denotes the interior product by the vector field A, and i{X), the corresponding Lie 
derivative: 

^m(A) = [iM{X),dM] + 
[iM{X),iM{X')]+ = , . 

[iM{x),tM{x')]- = tM{[x,x']) x,x'eueg ^^-^^ 

[4f(A),4/(A')]- = 4/([A,A']) 
where [A, A'] is the bracket in Lie Q (recall [A, A'Jije = [A, A']). 
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Forms uj such that zm(A)ci; = VA G Lie Q are called horizontal. 
Forms uj such that (A)ci; = VA G Lie Q are called invariant. 
Forms which are both horizontal and invariant are called basic. 

Basic cohomology is the de Rham cohomology restricted to basic forms which obviously 
span a sub complex of the de Rham complex. 

Remark 

The term basic refers to the following situation: if M is locally of the form X ^ Q with 
local coordinates a; G X, ?/ G ^, one can write locally 

uj{x,y, dx, dy) = S ujMN{x,y) dx^ dy^ (2.3) 

where M and are multi indices. 
Horizontality implies = 0. 
Invariance implies ujmo is independent of y. 
Thus 

uJbasic{x, y dx, dy) = S ujm{x) dx^^ (2.4) 
i.e. can be identified with a form on the base X. 



Example 2 

The Weil algebra of Q : W{Q). One defines W(^) as a graded commutative differential 
algebra: vector space 

w{g) = A{uegy0S {{Lie gy) (2.5) 

where A(Lie ^)* is the Grassmann algebra of (Lie gy and S'((Lie gy) is the symmetric tensor 
algebra of (Lie ^)* ■ W(^) is generated by Lie g valued generators u (for A (Lie gy), assigned 
grading 1, fl (for S'((Lie ^)*)), assigned grading 2. One defines the differential dw by 

dw ^ = fl — - [u!,uj] 

dw^ = -[uj,n]- (2.6) 

Remark 

Eqs (|2.6| ) are an algebraic abstraction of the relationship between the "curvature" of a 
connection u on a. principal g bundle, and the latter: the first one defines the curvature; the 
second one is the Bianchi identity "d^ = 0", via the Jacobi identity [u, [uj,u]] = 0. 

An action of Lie g on >V(^) is defined by 

iwiX)uJ = A iwW^ = , . 

£wWuj=[X,uj] iwWQ=[X,Q]. ^ ' 

iw{X),iwW,dw fulfill the analogs of Eqs( |2.2| ) with the subscript W replacing the subscript 
M. 
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The cohomology of W(^) is easily seen to reduce to the scalars. Introduce for instance 

(2.8) 



the homotopy |10 



where 
with, e.g. 
and 

One easily proves 



k = / ktipt 
Jo 



d ^ d 



ujt = tLj Qt = dwi^t + -K, i^t] 



kt fit = dtujt kt^t = 



_ _ d 
kt dw + d\Y kt = dt = dt — 

at 



(2.9) 

(2.10) 
(2.11) 
(2.12) 



The basic cohomology, on the other hand consists of all the Q invariant polynomials in VL. 
Example 3 

{E,dE) is a graded commutative differential algebra with an action i£;(A), ££;(A) of Lie Q 
fulfilling relations ( |2.2| ) (with the subscript M replaced by E) . Examples 1 and 2 are particular 
cases of this. 

Equivariant cohomology [|l],|]. 

Def. : The equivariant cohomology of {E,dE), {iEW, ^eW) is defined as the basic coho- 
mology of {W{g) (g)E,Dw = dw + dE) , Iw ((A) = tw{>^) + ^E(A), L^(A) = iw{X) + ^b(A)). 
This is the so called Weil model for equivariant cohomology. 

As we shall see later, the intermediate model to be presently defined is of substantial 
interest in practical computations. The following construction is due to J. Kalkman It 
owes its simplicity to the systematic use of the Weil algebra and not of concrete connections. 

Under the automorphism 

X e'^^'^^x (2.13) 

the differential Dw goes into 



Dint = dw + dE + iE{^) - isi^) 
and the operation is transformed into 



Lint{^) 



%(A) 

tw{X)+tE{\) 



(2.14) 



(2.15) 
(2.16) 



The most efficient way to do these calculations is to look at the family Dt, It{X), Lt{X) 
conjugate to the initial data through the automorphism x — > e* *£^('^)a;. See also ref [5]. As we 
shall see later, the efficiency of this model is due to the simplicity of /mt(A) = iwW- 
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Remark 

li ll!,Q were replaced by a connection uje on E (whose definition will be given later) and 
its curvature VLe, the whole construction would be spoiled ! 

It is fairly easy to see that the basic cohomology, in this scheme, is realized on the Q 
invariant elements of ^((Lie^)*) ® E endowned with the Cartan differential Dc = (Ie — 
tEi^)- (-D^ = IeI^) vanishes on Q invariant elements). The Cartan model is the most 
popular, although not always the most convenient. 



Remarks 

As mentioned earlier, basic cohomology is related to the "cohomology of the base" when 
the latter exists e.g., in the case of the action of ^ on a manifold M, when M/Q exists as a 
manifold, i.e. when M is a principal Q bundle. This situation is characterized by the existence 
of Q connections on M, i.e. Lie Q valued one forms lj such that iAf(A)tI' = A £m(A)cj = [A, u]. 
This generalizes to arbitrary commutative differential algebras {E, (Ie) for which a connection 
uj is defined as a Lie Q valued element of grading one such that iE{\)oJ = A EeW'^ = 
In fact, in this case, equivariant cohomology is isomorphic with basic cohomology. This is 
Cartan's "theorem 3" which implies in particular that this holds independently of the 

choice of a connection uj. 

The proof is easy. First a basic cohomology class is obviously an equivariant cohomology 
class. Conversely, given an equivariant cohomology class with representative P{oo, fl,x),x G E 
we have, using the homotopy of the Weil algebra 



P{uj,n,x) - P{u,Q,x) = kt{DwP){^u^ux) + Dw{ktP){uot^t,x) (2.17) 

Jo 



where now 



Dw = dw + dE (2.18) 
ujt = tuj + {l-t)Cj. (2.19) 

The conclusion follows from 



IwWoJt = [iwW + isWH = ^ • (2-20) 

Lw{X)uJt = [iwW + isWU = [A, ^t] (2.21) 

Before concluding this section, we should mention that we have described equivariant 
cohomology at the Lie algebra level as it was introduced by H. Cartan [0]. It only coincides 
with that defined in terms of the classifying space of Q when Q is compact [|l|. Although 
global phenomena have to be kept in mind we shall stick here to the infinitesimal description 
in view of the forthcoming applications to cohomological field theory models. 
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3 THREE EXERCISES 

The main leitmotiv of this section is the integral representation of the Dirac current located 
at the origin of a vector space V: 

Qo = Siv) Adv = NQ f VbVu e-^<*'''>+<^''^''> (3.1) 



where v denotes a set of coordinates in V, Adv denotes the corresponding volume form, b 
denotes a set of dual coordinates in the dual V*, lj denotes the corresponding set of generators 
of AV*,Vb = Adb, Vlo is the volume element for Berezin integration, < , > denotes the 
duality pairing, A^^o is a normalization constant only depending on \V\, the dimension of V . 

This Dirac current is invariant under linear changes of coordinates, being a product of a 
bosonic and a fermionic 5 function. 

Another suggestive representation is: 

VLq = 5{v) Adv = NoJ VbVu e^«^'''» (3.2) 

where s is defined as 

sv = dv s dv = (3.3) 
and is extended to the integration variables by 

su = ib sb = 0- (3.4) 

Other representatives of the top cohomology of V with compact supports are obtained by 
perturbing the function under the s operation 

n = NQj ViuVb e-^«^'^>^*<^'^W» (3.5) 

for ip^s such that < b, ipip) > is positive at infinity and ip{0) is bounded. 

Exercise 1: The Thom class of a vector bundle [§,§,0 and Cartan's theorem 3 [|l|. 

Let E{M, V) be a vector bundle with fiber V associated to a principal Q bundle P{M, Q): 

E{M,V) = P{M,g) xgV (3.6) 

for some representation Ry of ^ in with differential ty representing Lie Q. 

The Dirac current on V defines a distributional form on E representing the "Poincare 
dual" [0 of the section V = of E, diffeomorphic to M. Smooth representatives of this 
cohomology class with fast decrease along the fibers have been constructed by V. Mathai' and 
D. Quillen §. 

This can be compactly described as follows: construct in the intermediate model the 
equivariant class which extends a gaussian thickening of the Dirac current, namely e ~ Adv, 
where {v,v) is a ^ invariant form on V. This can be written as 

Brat = NoJ VbVoj e^""«^'^>-^(^'^)*) (3.7) 
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where 





= ijjv + tviuj)v 




= tv{(jj)'ip — tv{^)V ipy = dv 


S'"P UJ 






= -[luM] 




= ib — u)tv{uj) 


S^"P ib 


= ib tv{i^) — ujtv{^) 



(3.8) 

and ( , )* is the invariant form on V* which yields ( , ) on y. In the Weil model, one only 
needs to replace ipy = dv by ipv = dv — tv{uj)v. 

The extension of s*°^ to the integration variables not only allows a compact writing but 
also provides easy proofs that is equivariantly closed. G is called the universal Thom class 
of E. Replacing a; by a), a connection on P{M, Q) and Q by the curvature of a; provides a 
globally defined form on E, the Thom class of E. By construction, smooth deformations of 
the function under the s*°^ sign leave one in the same cohomology class. So does a variation 
of UJ. Replacing v by v{x),x G M, a smooth section of E produces a cohomology class of M 
located at the zeroes of that section, the so-called Euler class of E, independent of the choice 
of the section v — v{x). 

Another construction of the same type provides the identity which implements Cartan's 
theorem 3: 

j VuVn S{u -u) 6{n-n) = 1- (3.9) 

Introducing integral representations for both the fermionic and the bosonic 5 functions, 
we get 

J VujVQVuuVQ e'^('"-'^)+*^("-^) = 1 • (3.10) 

Extending s*°^ as usual to P{M,Q) and, to the integration variables, by 

s = a; + [w, iVL] 
sou = -[Q,iCt] + [u,u]- (3.11) 

This can be written 

J VujVQVuVQ e''°" '^^""-^^ = 1 • (3.12) 
One may define 8*°^ on P by 

s"^i^, = -0,{n,p)-^{u,p)-ij, (3.13) 
where p denotes a set of coordinates on P. This implies 

s'^PVL = -[i^j,^]- (3.14) 
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If one defines uj by 

H{p)'iljp = (3.15) 

where 

iljp = dp+0{Cj,p) (3.16) 
and H{p)ipp has values in Lie one also has 

j VuVQVloVQ e'*°'(*^^(P)'^^) = 1 ■ (3.17) 

Exercise 2: Universal observables for cohomological models as equivariant characteristic 
classes |^,|1^,|13 . 



We return to the situation where the manifold M is smoothly acted on by the connected 
Lie group Q. Assume the action of Q can be lifted to a principal bundle P{M, K) over M 
on which there is a ^ invariant K connection F. 

Define the equivariant curvature in the intermediate model 

iriiiv) = An* r + i[r, r] = r{t) - ip{n)T (3.18) 

and the corresponding i^-characteristic classes, V K{,Rlnt^)) where the P^'s are K invariant 
symmetric polynomials on Lie K. It is easy to prove that these define equivariant classes of M 
independent of the choice of F. These can be written down in the Weil model upon operating 
with e^^('^). 

It turns out that these classes exhaust the examples of observables known for cohomological 
gauge models 0. 

The case of the topological Yang Mills theory in four dimensions is well known. Let A be 
the space of connections on P{M, G). On P{M, G) x A, one takes the invariant Q connection a 
(considered as a one form on P and a zero form -coordinate function- on A). The equivariant 
curvature is, in the intermediate model 

R2t{a) = F{a) + 6a + n 

= F{a) + 4j,nt + ^ ■ (3.19) 

In the Weil model a is transformed into a + u 

K'{a + uj)= F{a) + (3.20) 

Taking a G invariant symmetric polynomial on Lie G Pq and expanding Pg{R^^) into 
monomials Pf-g of bidegree 4-g on M, g on A, yields observables upon integration over a 
cycle 74_g of dimension 4-g in M: 

0!-g(74-g) = / (3.21) 
whose cohomology class only depends on the homology class of 74-g. 
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Exercise 3: Cohomological models and integral representations of orbit space integrals 
of top cohomology classes: Yang Mills theories |]6|, p!4| , p!6| ,p^p[]. 



The problem of integrating basic cohomology classes over orbit space is inherent to the 
present field theory formulations of gauge theories. Dynamical gauge theories are defined via 
a Q invariant top form on a principal Q bundle. For instance, Yang Mills theories are defined 
on ^ = P{A/Q,Q) the space of connections a on a principal bundle P{M,G) where G is a 
compact Lie group, and Q its gauge group, which is non compact. The Yang Mills form 

Qym = e-^"-('')pa (3.22) 

defines the dynamics, but is not integrable in the fiber direction. One wishes to integrate gauge 
invariant observables Oinv{cL)^YM- In most textbooks, the Faddeev Popov gauge fixing 
procedure is presented by factoring out the volume of the gauge group. In J. Zinn- Justin's 
book |]TB| on the other hand this is achieved by "integrating over the fiber" a route we shall 



now follow. Given a ^invariant volume form fi on Q and its dual fig on Lie ^normalized so 
that 

<f^g,f^g>=l, (3.23) 
one can construct the Ruelle Sullivan [^] closed basic form 



n 



RS 



l{P,g)nYM (3.24) 



where ftg is obtained by substituting for each element Xa of Lie Q the corresponding funda- 
mental vector field 2La on A. Closedness is a consequence of both the closedness of Qym and 
of its invariance. Horizontality is obvious as well as invariance. 

Both Oinv{a) and Qrs define objects on A/Q, respectively a function and a top form 
denoted C(a), ^rs, and one wishes to integrate 0{a)QFis over A/Q. Choosing a locally finite 
covering Ui of A/Q and a partition of unity 6i{a) subordinate to it as well as local sections CTj 
defined by local equations 

g^ia) = (3.25) 

above each Ui, we may write 

JA/y i JA/y J fiber 

= j^Y.^i{a)5[gi)A5g,0{a)nRs- (3.26) 

Gauge independence is due to the closedness and basicity of 6i{a)0{a)VLRs'- at the infinitesimal 
level 5{gi) A dgi varies by l{Cj)[5{gi) A 5gi\ where Cj is the vertical vector field defined by 

l^g, = Agi (3.27) 

where A denotes the infinitesimal change of section. The differential form 

-f = J29iid)S{g,)ASgi (3.28) 
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will be called the gauge fixing form. It has the following property: its projection 7 on any 
fiber pO[, i.e., the representative of its class modulo the ideal generated by horizontal forms 
of strictly positive degree is a top class of Q whose integral is one: 



7 = 1 (3.29) 

I Fiber 

It therefore projects on the top cohomology class of Q with compact supports (or fast 
decrease), normalized to 1. Since VLrs is a top basic form, it is clear that only the fiber 
projection of 7 matters. 7 may be considered as the Poincare dual of a section which does 
not exist. 

So, we may as well represent our integral as 

<0>= J^^^ d{a)nRs = lOia)QRs = lO{a)nRs (3.30) 
where 7 can be defined by choosing a connection uj: 

7 = l{o)^^g{^) (3-31) 

so that 

<0>= J^^^ 0{a)ClRs = j^l{a)0{a)^lYM ■ (3.32) 
This can be algebraized as 

<0>= J fig{Vuj)^{a,uj)0{a)VLYM- (3.33) 
where a Berezin integral over Lie Q is included, and 

7(a,^) = 7(a)/i^(u;) ■ (3.34) 

By construction 

S7(a,cj) = (3.35) 

with 



S (Xi — ^ iij (X 



su = — [1^7!^] (3.36) 



and 7 is ambiguous up to a coboundary: 

7 ^ 7 + sx (3.37) 

which is a consequence of the fact that two top classes of Q with compact support which 
integrate to 1 differ by a coboundary. These constructions can be taken as a basis for the 
geometrical origin of the Slavnov symmetry. When 7 is constructed by patching up local 
sections, as in eq. ( p.28|) , one has the well known formulae 

7i(a,a;) = 5{gi) A sgt 
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Extending the operation s to the integration variables 



su = ib 

sb = 0- (3.39) 

This can be rewritten 

7i(a,u;) = j VbVuj e^«^'5i» . (3.40) 

These formulae are valid as long as the manifolds Qi — Q stay transverse to the fibers. The 
Faddeev Popov operator rrii defined by 

sQi = niiuj (3.41) 

is then invertiblc. The 6 current can be smoothed out by adding a term < iui,(f{b) > under 
the s operation where ip is such that < b, ip{b) > is positive at infinity. This suggests a class 
of gauge fixing forms 

^{a,u) = j VbVuj e^«^'9(«'«)>+^<'^''^(M» (3.42) 

where (?(a, a) and ip{b^ a) involve an additional orbit space dependence such that m(a, d) 
remains invertiblc and 7(0,0;) has compact support or fast decrease. The inclusion of such 
dependences is liable to spoil renormalizability or locality or both. 

The situation with topological theories is slightly more involved and goes through several 
steps. 

Orbit space is restricted to the finite dimensional manifold of gauge equivalence classes of 
solutions of a ^invariant system of equations e e.g. F~ = F — *F = 0. This restriction is 
obtained via the insertion of the corresponding Mathai' Quillen form 0^. One now considers 
an observable of degree the dimensionality d of this submanifold e.g. 

Cd= n (3-43) 

Choosing a connection uj with curvature Cl transforms Og into Og, Od into Od- In particular 
i/j = 6a + DaUJ is transformed into ip = 6a + DaCo. O^Qe defines a basic form which can be 
integrated over A/Q after choosing local sections and a partition of unity: 



5{uj - uj)6(Sl - ^)5igi) A ^-^DaCj (3.44) 

da 

where %l) = 6a + DaCo and Vt is quadratic in ip. In the last factor one can write indifferently 
j^6a = ^{i' — T^a^) or ^^a^) = T^i^ because (O^Ge) has maximum degree in ■?/'. Using 
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the 5{uj — uj) factor we can replace everywhere ip hy ip = 5a — DaOJ and, in the last factor uj 
by UJ. Expressing also 5{uj — uj) in terms oi ip = 5a — D^uj, we can rewrite 

<0\e> = jY.Uo^)VujVn{OSe){a,n{^lj),^) 

i 

5 {{uj - Cj{i))) 5 {uj - Cj{i))) 

V^lj5{^p-{5a + Daij))5{gi)AmiUJ- (3.45) 

Using now the fact that ((9rf9e)(a, Cl{ip), iIj)5{uj — Lj){4')) is of maximum degree in ip and also 
that ArriiLj is of maximum degree in lj 5{ip — {5a + DaUj)) can be replaced by 5{5a) = Va. We 
end up with 

<0\e> j Y.ei{d)VujvnvijVa{Odee){a,n,^) 

i 

5 {{uj - Cj){i))5 {fl - VL{iP))) 5{gi) A rriiUj (3.46) 

As shown before, Os5{{uj — uj){ip))5{Q — ^{ip)) can be expressed in terms of Fourier trans- 
forms involving pairs of fermionic and bosonic integration variables. In the present example, 
with 

Cj = —D*5a (3.47) 

(which excludes reducible connections), 

Qe5 {{uj - Cj){i>)) 5(VL- VL{i))) = J Vij-Vb-VijVn 
^s^°P{u)- F-+nD*^) 

^ ^ib-F-+u-{Dip)-+QD*ip+in(D*Dn+[ip+,xl)]) _ ^2 ^g-j 

The expression under the exponential can be supplemented by a term consistent with 
power counting tr[r2, Vi\uj yielding in the action the sum of two terms : tr{[r2, fi]^ + [a), a)]!]}. 

The manipulations described above provide a bridge between the interpretation of L. Baulieu, 
I.M. Singer |jl^,|15| and that of M.F. Atiyah, L. Jeffrey Jl^. They may seem fairly arbitrary 
and non unique. They are geared towards field theory integral representations of orbit space 
integrals whose ultraviolet singular behaviours have to be controlled in an algebraic manner. 
In that respect, the gauge fixing factor lacks an algebraic characterization which extends in a 
satisfactory way that of the first part: the full action has the form 



Let us recall 



S{a, ip, UJ, n; uj-h-ujO) = s'^^x + Sgf (3.49) 



s'^'Puj = Q-^[uj,uj] 



s'^pQ = -[uj,n] 
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X is basic: 





ib +[uj,LJ ] 


S ^10 = 


[UJ, lb \ — [\l,uj \ 


s'°HVl = 


UJ + [uj, iCl] 


s^^to = 


— [fi, iCl] + [uj, uj] 


I{X)uj = 


A /(A)other = AG LieG 


m = 






= L{\)x = ; A G Lieg ■ 



(3.50) 
(3.51) 

In order to extend this structure to Sgf, we replace the basicity of x by an equivalent 
condition. Define [16 

W = L(A) + lifi) (3.52) 
where A generates A(LieQ)* and fi generates S{LieQ*). In particular 

WX = -^[A,A]+ 

VT/i = -[A,/i]_- (3.53) 

By construction, W"^ = 0. 

If one extends to the algebra generated by A, fi according to 

s*°PA = /i 

s*°P/£ = (3.54) 

we have 

[s'°P,w] = 0- (3.55) 

From now on, we shall omit the underlining of A and n which will denote the Faddeev 
Popov ghosts of the graded Lie algebra generated by L(-),/(-). It is clear that, restricted to 
X, fj, independent elements, basicity is equivalent to W invariance. Thus, 

Wx = 0- (3.56) 

We now introduce Lagrange multipliers and antighosts {X, i){'jl,m) associated to A,/i. We 
extend W by 

WX = i 

we = 

Wji = m 

Wm = (3.57) 
s*°^ has to be extended in order to preserve its anticommutation with W: 

s'°Pft = X s'°PX = 
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We now have a bigrading relative to the two differentials W, as follows 



s^°P W a, ip, uj, Q etc. A /i A fi i m 
s grading 1 1 1 2 1 -1 -1 . . 

W grading 10000 11 -1 -1 00 ^ ^ 



Now, we are going to prove that any Sgf a polynomial of positive degree in the Lagrange 
multipliers A = (A, p,, i, m) which is both W and s^°'^ invariant is of the form 



Sgf = s^^'WX ■ (3.60) 

Using the homotopy /c^ associated with the abelian Weil algebra, cf. Eq. (p.8|), we can 
write 

Sgf = (kwWA + WAkw)Sgf (3.61) 
where W\ is the part of W acting on A. Writing 

W = Wa + Wo (3.62) 

and using 

WSgf = 0, (3.63) 

we get 

Sgf = {-kwWo + WAkw)Sgf = iWo + WA)kwSgf 

= WkwSgf (3.64) 

We now construct a homotopy for extending the homotopoy of the Weil algebra: For 
all pairs x, y such that 

= y + Lx 

s'°^y = -inx + e^y (3.65) 

we introduce families Xt such that 

s*°Pxt = yt + Lt Xt 

s'^^yt = -in, Xt + U Vt (3.66) 

and we define k^ii) 

ks{t)xt = 

ks(t)yt = dtXt (3.67) 
ks is then defined analogously to Eq.(|2.8|) as 

ks= CK{t)^f (3.68) 

JO 
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Then using 

s^'^Sgf = • (3.69) 

we get 

S,f = s^'^KS.f (3.70) 

Hence 

Sgf = Wkws'^^hSgf ■ (3.71) 
It is straightforward to check that kw and s*"^ anticommute, hence 

= s'"PWx (3.72) 
where x has to have bigrading (-1,-1) and is thus of the form 

X^<fl,gia)>+{il,i)- (3.73) 



This gives 



m, g{a) > + < ft, ^£d,X > +{m, ip{£))^ 
= - < e,g{a) > - <m,-£{ilj - Dauj) > 

+ < A, Y-DaX > + <//, ^i^aA* > + 

da oa 

Qffl 

<ll, — -i:-D^wX>--{£, (^(/)) (3.74) 

There remains to prove that locally over orbit space this provides a gauge fixing. So, we 
have to look at 

/ VXVfxVXDpVeVm e^^f ■ (3.75) 

First, against an integrand of top degree in ip the ip dependence of Sgf can be forgotten. 
Secondly the m integration insures that the second term yields Amcu, of maximal degree in 
Lo. The term before last can thus be forgotten, and the AA Jlfx integrations yields twice det m 
with opposite powers. As remarked earlier one could generalize this to 

X = P9{a, a) + jlip{e, a) ■ (3.76) 

So, we have constructed a complicated integral representation of the standard gauge fix- 
ing form whose advantage is to allow constraining the ultraviolet ambiguities within a tight 
algebraic set up. 

This concludes the third exercise. 
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4 CONCLUSION 



Equivariant cohomology provides an algebraic equipment quite well adapted to semi-classical 
formulations of gauge theories. Some integral representations associated with those have been 
collected in these notes, with emphasis on their algebraic structures and some of the freedom 
that is allowed. Similar algebraic techniques have been used recently to establish other inte- 
gral representations |^ and concrete formulae Gauge fixing appears as a necessity when 
equivariance with respect to non compact groups comes into play, each time one is writing 
an integral representation over field space as opposed to orbit space. It is in general this way 
ultraviolet problems have been so far mastered thanks to locality. It is suggested that more 
general gauge fixing procedures than the conventional ones have to be used in order to respect 
the geometry. The question remains open whether, at the expense of introducing extra local 
fields, some can be found which respect both locality and renormalizability. 
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